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Abstract. We consider the solution of a scalar Helmholtz equation where the potential (or 
index) takes two positive values, one inside a disk of radius e and another one outside. We 
derive sharp estimates of the size of the scattered field caused by this disk inhomogeneity, for 
any frequencies and any contrast. We also provide a broadband estimate, that is, a uniform 
bound for the scattered field for any contrast, and any frequencies outside of a set which tends 
to zero with e. 



1. Introduction 

We consider a scalar field satisfying the Helmholtz equation with frequency u > in M 2 . Given 
a prescribed incident field u 1 , a non-singular solution of 

(1.1) Alt' +LJ 2 q u l = in M 2 , 
we are interested in the solution u e € (M 2 ) of 

(1.2) Au e + u?q e u e = in M 2 , 

where, for \x\ > e, u £ = u l + u s £1 and q e equals q inside the inhomogeneity and qo outside. We 
take the inhomogeneity to be a disk of radius e. The coordinate system is chosen so that the 
inhomogeneity is centered at the origin. In other words 

q if r < e 
qo if r > e 



1e{r) 



We assume that both q and q are real and positive. We assume that the scattered field satisfies 
the classical Silver-Miiller [51 [TU] outgoing radiation condition, given by 

d ( 1 

(1.3) — U% - Wy/%U% = o ^ 

where, as usual r := |x|. Altogether, the conditions ( l.l|l.2|l~3 1 imply that the incident field u l , 
the scattered field u s e and the transmitted field u* = u e for r < e, admit series expansions in terms 
of special functions, namely 



(1.4) u l (x) ~ a n J n (^/qowr) exp n arctan (— 

n— — oo 
oo 

(1.5) u" e {x) ~ ^2 "n-^n (w e , X)Hjp (v^owr)exp (inaxctan 

n=—oo 
oo 

(1.6) u e( x ) ~ a n^n ^) Jn (v^^ 7 *) ex P y> n arc tan ^~ 



n— — oo 



In the above formulae, J n (x) = ^t(Hn^ (#)), and x — > (x) is the Hankel function of the first 
kind of order n. The rescaled non-dimensional frequency cj £ , and the contrast factor A are given 

by 

(1.7) uj e :— y/qo^Je and A := 
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The reflection and transmission coefficients R n and T n are given by the transmission problem on 
the boundary of the inhomogeneity, that is, at r = e. They are the unique solutions of 



T n (cj e , A) J n (Aw e ) = J n (w e ) 
AT„ (w e , A) (Aw e ) = (u e ) 



JZ„(^,A)ff«> e ), 



which are 



(1.8) 



-Rn (w £ , A) 



5ft (w e ) J„ (Ac) - XJ' n (Ac) fl™ (c 

(c) J„ (Ac) - A 4 (Ac) i#> (c) 



and, after a simplification using the Wronskian identity satisfied by J n (•) and (•)> 

2« 1 



(1.9) 



T„ (c, A) = 



tt ffW' (c) J„ (A^) - \J' n (Ac) ff« (c) ' 



It is well known that both R n and T n are well defined for all A > and c > 0, see e.g. 0] for a 
proof. Note that R n = R— n , and T n = T_ n for all n. 

In (1.4), (1.5 1 and (1.6 1, the ~ symbol is an equality if the right-hand-side is replaced by its 



real part, the fields being real. By a common abuse of notations, in what follows we will identify 
u % and u% with the full complex right-hand-side. 

Such expansions have been known for almost two centuries. They allow in principle, with the 
help of modern computers and recent numerical methods, to compute the scattered field accurately, 
given the incident field u>, e and q/qo- Yet, they do not give any insight on the behavior of the 
scattered field when the frequency, the contrast, or the radius e vary. When e tends to zero, 
the behavior of the scattered field for this problem has been studied recently in jj]. The cases 
considered are either a n = for n > No, or ^s(q) > 0, or full reflection on the boundary of 
the inclusion, that is, u e — at r = e. In this work, we focus on non lossy inclusions, that 
is, when $s(q) = 0, and we provide sharp estimates of the scattered field. These estimates are 
derived for any sequence (a n ), thus for any incident field. They are completely explicit, up to 
the numerical values of the constants involved. Such detailed results are possible because of the 
extensive studies of Hankel functions conducted by others. We will quote frequently the classical 
treatise of Watson |T7] , and we will indirectly refer to the book of Olver [T^] by frequently citing 
the NIST Handbook of Mathematical Functions [13] . Other papers related to properties of Bessel 
functions [3J O [TJ |H1 HH HS1 US] are also cited in the proofs. Some additional estimates that we could 
not find in the literature are provided in Appendix|X] Some of them could be new, but we have not 
performed a comprehensive search of the vast literature on that topic. However with the exception 
of Section [4] our main results are stated in a form that does not require any knowledge of the 
literature related to Bessel functions, except possibly for some universal constants (approximate 
numerical values are provided). 

Let us now discuss the norms we shall use. Given any / g C°(M 2 ), its restriction to the circle 
| x | = R is a periodic function. We can therefore define its complex Fourier coefficients 

c n (f(\x\=R))= f(R,6)e- me d6, 



and f(\x\ = R) can be measured in terms of the following Sobolev norm 



(1.10) 



1/(1^1=^)11^ :=v^ 



£ \c n (f(\x\ = R))\*(l + \n\y°, 



for any real parameter a. By density, this norm can be defined for less regular functions. If 
/(|a;| = R) is i 2 (0, 27r) for example it is bounded, for any a < 0. To measure the oscillations of / 
only, we will use 

2-7T 



(1.11) 



\\f(\x\=R)\\ H2 



/(!*!=£)- A J f(\x\ = R)d9 



H" 
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For radius independent estimates, we shall use the semi-norm 



(1.12) 




^supM/(|x| = i2))P(l + Kp-. 



R>0 



It is easy to see that this norm is finite for a smooth / with bounded radial variations. Finally, to 
document the sharpness of our estimates, we will provide lower bounds in terms of a semi-norm, 



(1.13) 



NZ (f) := sup sup \c n (f(\x\ = R)) |(1 + \n\Y , 



\n\> P R>0 

where p is a positive parameter. These norms are satisfy the following inequality 

11/ (N = R)\\ H , < A/* CT (/) , and N£ (/) < AH/), 
and if for all R, f (\x\ = R) only has one non-zero Fourier coefficient, 

N? (f)=Af(f) = sup ||/ (\x\ = R)\\ H - ■ 

R>0 



We choose these three (semi-) norms 



sions (1.4), (1.5| and (1.6|. For example, 



\H° 



(1.14) 



and 



(1.15) 



K(\x\=R)\\ H . 




M a and because they are compatible with expan- 



R n {u> e , A) a n \ 2 (1 + \n\) 2a {y/q^uR) 




1/2 



2 sup|J„(x)| 2 (l + |n|) 2,T 

x>0 



Furthermore, it is known [7] that for all ti ^O 

4 1 



(1.16) 

therefore N a (u 
(1.17) 



7 (M + 1)V3 <™p|J„(x)|< 7 (| n | + l)l/3' 



has upper and lower bounds depending on a n only, namely, 

16tt 

T 



(i + M) 2ff - 2/3 < {M°(u l )y 



< 



(i + N) 



2ct-2/3 



The motivation for this work comes from imaging. In electrostatics, the small volume asymp- 
totic expansion for a diametrically bounded conductivity inclusion is now well established, and 
the first order expansion has been shown to be valid for any contrast |11| . It is natural to wonder 
whether such expansion could also hold for non-zero frequencies, even in a simple case. 

Section [2] addresses the case A < 1. In Theorem |2.1| we derive perturbation- type estimates when 
Xuj e < 1, that is, proportional to (A — l)a^r at first order, for all x such that \x\ > e. This can be 
seen as a generalization of the electrostatic case. We show that the range of frequencies for which 
this result applies is sharp. In Theorem |2.4| we provide an upper estimate for the scattered field 
valid for all frequencies and all |a;| > e, and we document its sharpness by providing a lower bound 
for the s uprem um of the scattered field for all frequencies. Section [3] [4] [5] address the case A > 1. 



Theorem 



3.1 



is similar to Theorem 



2.1 



and applies when AV m A + 1 oj € < 1, and when \lj e < 1 
if there is no zero-order term. In Section [4j we provide a detailed study of quasi-resonances. 
These are frequencies located just after the perturbative range, at which the near-field becomes 
arbitrarily large. Theorem 4.3 provides lower bounds for the near field in this regime. We also 
provide numerical examples of quasi-resonant modes. Section [5] provides far field estimates, that 
is, for x such that |x|A > e, valid for all frequencies. As in Theorem 3.1 we show that the bounds 
provided are sharp. 

Another inspiration for this work is recent results concerning the so-called cloaking-by-mapping 
method for the Helmholtz equation. In [3Ji the authors show that cloaks can be constructed using 
lossy layers, and that non-lossy media could not be made invisible to some particular frequencies 
(the quasi-resonant frequencies). In Section [6j we show in Lemma 6.2 that if an interval around 
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these frequencies is removed, contrast independent estimates for the near-field can be obtained. 



When A = e 1 , the following proposition is proved as a corollary of Lemma 6.2 

Proposition. Assume e < 1/7, and A = e _1 . Then, for any a, (3 > 0, there exists a set I\ 
depending on e, a and (3 and a set Iq depending on e and (3 which satisfies 

In llnel 



\h\<e^\hxe\, \U< 



(M 



i) 



such that for all R > e, 



sup \\u £ 

/qowg(0,oo) \ Ii 



R)\Vh- < 



18 



rl-2/3 



R 



■a+2+a 



(«<) 



sup 

/§owe(0,oo) \ /o 



1 

2^ 



<(N = i?) 



< 12 



(|lns| + l) 3 / 2 - 2 ' 9 i? 



We do not prove that this result is sharp. Combining Lemma |6.2| with results of the previous 
sections, we show in Theorem |6.5| that broadband estimates uniform with respect to the contrast 
are possible. In particular we show that when observed at any fixed distance |i| = R > 0, the 
scattered field vanishes in the limit e = except in a set of frequencies of zero measure. 

Section [7] is devoted to the proof of intermediate estimates stated without proofs in Section [2] 
and [3] Section [8] is devoted the proof of an intermediate estimate used in Lemma [6. 2 1 

2. Inclusions with relative index smaller than one 

This section is devoted to the case when q < qo. We estimate the scattered field at a distance 
R > e from the center of the inclusion. Our first result addresses the case of moderate frequencies. 

Theorem 2.1. Let y n ,i &e the first positive solution of Y (x) — 0. When e < R, A < 1, and 
w e < 2/0.1; there holds 

\\u s e (\x\=R)\\ Ha < (1-AK (3^\\u l (\x\ =e)\\ Hrl/3 +9uj s \u*(0)\ (^%ujR)\\ . 

Furthermore, if for some p > the first p Fourier coefficients of u l \\x\ — (ew) _1 ) are z 
for all u e < p there holds 

IK (M = R)\\ H « < 3 (i - a k/| IK (1*1 = £ )IU- 1/3 ■ 



the 



To compare Theorem 2.1 with known results, we derive the following variant. 
Corollary 2.2. When e < R, A < 1 and ui e < yo,i we have 

' e 



\\< (M = R)\\ H . < 9 (1 - A) io 2 E (V (0)| |^ X) (Vlo"R) 



-TV" 



Remark 2.3. Under this form, one can read for example that the first order term in e is correct 
both with respect to e and with respect to the contrast. First order asymptotic expansions for 
small volume or small contrast perturbations [TJ |2] derived for a fixed frequency are of the order 
of e 2 . Note that this estimate holds up to frequencies of the order e" 1 : this shows that the 
inhomogeneity can be viewed as a perturbation up to frequencies of that order. 

Our second result is an estimate valid for all frequencies. 

Theorem 2.4. When e < R and A < 1 there holds 



(2.1) 



sup || ui 

u>0 



= R)\\h° < 



-M a {u l ) +v^|w l (0)| 



H, 



(i) 



R 



2/o,i- 
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Furthermore, 
(2.2) 

where no is the smallest positive number such that 

A 2 < 1 

for all n > Uq. 



S up|K(|tf|= e )|| H .>^=N£ o («*), 



49 



9n 2/3 ' 



Remark 2.5. The lower bound (2.2 1 shows that the upper bound (2.1l is sharp in the case when 
NJJ and Af" are equivalent norms. We give a more precise upper bound in remark 2.7 



The proof of these results is based on a careful study of R n (w e , A) conducted in Section [7j We 
prove that the following proposition holds 

Proposition 2.6. Let y n \ be the first positive solution of Y n (x) = 0. When A < 1, there holds, 
for all n > 1 

• For all u e < y n i> 

5 



R n (u £ ,\)H^(uj £ ) < -|J„(w s )| 



• For all uj e < n, 



• when A 2 < 1 — 



For n = 0, there holds 
• For all uj f > 0, 



• When x < yo,i, 



R n (u e , A) J#> (w e ) < 2(1 - A)-^_ \J n (w e )| . 



R n (n,\)HW („)| > i | J„ („)| 



Roiuj^^H^ [u, 



R 



< 



H a l2/o,i — 



i? (lj e ,X)H^ [a: 



1? 



< 



2^ 



(1 - AR 2 



I w 



Proof. This follows from Lemma [7. 1| and Proposition |7. 6 



Proof of Theorem \2.1\ From formula (1.14 1, we have 

IK (M = R)\? H „ -27T J2 Kf (1 + \n\f a \R n (w B , A) |fT« (w B ) 
|n|#0 

2 



M 1} (v%wi?) 



M 1} (w e ) 



27T O 



Ro(oj e ,X)H ( 1) (y/q^uR) 



Note that j/o,i < !• Proposition 2.6 shows that when uj £ < n and n > 1, 

i?„ (w £ , A) #W (w £ )| < 2 (1 - A) ^ | J„ (w £ )| < 3 (1 - A) (1+ ^ |)1/3 |J„ (w £ )| . 

When n ^ 0, ^/x Lff^(x) I is decreasing [171 13.74], therefore 



R 



On the other hand, qq = u l (0), and Proposition 2.6 shows that 



i?o(^e,A)^ 1) ( v ^wi?) < (1-A) 



2V2 



JT< lj (V^wi?) 



□ 



6 



YVES CAPDEBOSCQ 



Combining these estimates we have 



\\<(\x\=R)\\h° < 3(1-A)w. 



+ (^(0)(1-A)w 2 ) 



\ 2 

J 2tT £ lanl^l + lnl) 2 ^ 273 !^ 



2 7T 



x2 / £ 



= (3(1 - A) w e ) z ( - ||«' (|as| = e)ir ' j + 9c. 2 1^(0) T ff« (V^wi?) 



and the conclusion follows. If for some p > the first p Fourier coefficients of u s E (\x\ = (ew) 1 ) 
are zero, a n = for n = 0, . . . ,p — 1, and the argument above proves our claim. □ 

Proof of Corollary \2.2\ For all n > 1, it is known that [2] for < x < y < n, 



2 ^,2 

(a;) < —Jn (y)exp 



2n + 2 



In particular, 



w = - 



J n (w £ ) < J« (2/0,1) exp 

2/o,i 



J/0,1 



<3w £ J„ (?/o,i) • 



This implies that 

inserting this upper bound in the estimate provided by Theorem |2 . 1 1 proves our claim. 



\u l {\x\ = w e ) || „_i < 3w e ||u* (|a;| = 2/0,1) „. 



Proof of Theorem \2.4\ Starting from the formula (1.14 1, using the monotonicity of x 
for n > 1 as in the proof of Theorem |2.1| we obtain 



(x) 



K(\x\=R)\\l„ < 



2n K\ 2 (1 + H) 2a \R n (w £ , A) |f#> (w £ ) 

|n|#0 

+2^|a | 2 R (u; s ,X)H^(^ujR) 



Thanks to Proposition 2.6 
(2.3) 



and when n > 1, and w e < y„ l7 
(2.4) 



< 



( 2/o,i 



1? 



i?„ (W e , A) (W £ ) < \ |J„ (We) I < 5 SUp | J„ (z)| 



On the other hand, the definition of R n (1.8 1 shows that |i?„ (w e , A)| < 1. It is known |17[ 13.74] 
that for x > n > 0, 

x — > \J x 2 — n 2 \H n (x)\ 2 

is an increasing function of x, with limit 2/-7T. Consequently, since 2/ n ,i > n + j^n 1 / 3 , [171 15.3], 



|13| . for all We > y n ,i we have 
(2.5) i?„(w E ,A)F«(w e ) 



< 



/2 1 4 1 7 

7T y^w^ - rt 2 5 (1 + n) 1 /^ 5 x>0 



thanks to (|1.16|. Combining (|2.4|, and (|2.5| we have obtained that for all w e > 0, 

, 2 



27T Kf (1 + M) 2CT i?n (We, A) (We) < -N° (uf , 

M#0 



which concludes our proof of the upper bound (2.1 1. 
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Turning to the lower bound, we have 

sup\\u s e (\x\ = e)\\ Ha > sup sup\/27r a n (1 + \n\) a R n (u e , X) (w c ) 

w>0 * |n|>n o w>0 



We know from Proposition 2.6 that provided A 2 < 1 1 ' 



9^2735 



i?„ (n,A)|ffW (n)| > ij„(n) 



Since it is known |17l 8.54] that n — > ni J n (n) is increasing 

R n (n, A) ff« (n) 



^i (!) 1 . , 
> -^V > — sup|J„(x)|. 



2ns 



10 x>o 



where in the last inequality we used a variant of (1.161, [7]. Choosing uj such that uj £ = n, we 
obtain 



sup ||u- (111=6)11 >-*__N£ o ( u l 
w>o vlO 



as announced. 



□ 



Remark 2.7. The lower bound was obtained for lj £ = n, that is, in the special case when the 
order and argument are equal. This is precisely the upper limit for lu £ in Theorem |2.1| When the 
argument is much larger than the order, one should expect a decay gain of 1/2 and not 1/3. The 
bound given by Theorem 5.1 is of this form, and applies here also (when A is replaced by 1). 

3. Inclusions with relative index larger than one: the perturbative regime 

In this section, we consider the case when q > qo in the case of moderate frequencies and 
moderate contrast. Our result is expressed in terms of a threshold m\ which depends on the 
contrast, given by 

(3.1) m A := — 

AvVA + l 

Theorem 3.1. Suppose R > e, and A > 1. When 

1 



we have 

\K(\x\=R)\\ H „ <(l-A)w E 



u> £ < mm \-,m\ 



( 3 \/|>IK l (N = £) h°-i +23w e A 1^(0)1 \hP (V%cjR)\^\ . 



Furthermore, if for some p > the first p Fourier coefficients of u s e [\x\ — (eoj) 1 J are zero, then 
for all lu £ < \~ 1 p there holds, 

K (M = R)\\h* < 3 (1 - ^U'Jjih* (M = £ )\\ H: -i 



The proof of Theorem |3.1| is, mutatis mutandis, the same as that of Theorem |2.1[ using Propo- 
sition [3T2J proved in Section [7] in lieu of Proposition [2~6| and we omit it. 

Proposition 3.2. When A > 1, there holds, for all n > 1 

Rn (w e ,A)£#> (w, 



For a// w e < A" 1 ^, 



< 2 l J ™ ( w <0 



For aZZ w e < A 1 n, 



R n (oj e , A) ff« (cj £ ) < 2(1 - A) ^3 \J n (w e )| . 



For n = 0, i/iere ZioZeLs 
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For all ui e such that min rn\) uj e < 1, 



i? (w e ,A)£r, 
• For aZZ w e , we have 



H H Q 



R 

x — 



5tt 2 /a 



DXui 



R 



< V5 



H, 



(i) 



H, 



(i) 



R 



R 



Proof. This is follows from Lemma |7.1| and Proposition |7.6 



□ 



In contrast with the case A < 1, the range of frequencies for which Theorem [33] is valid becomes 
increasingly small as the contrast increases. The two extreme contrast cases, A = and A = oo 
are therefore of a very different nature. As we will see in Section [4] the range of frequencies for 
which Theorem |2. 1| applies is sharp: the behavior of the near field is drastically different when w £ 
is larger. 

4. Inclusions with relative index larger than one: quasi-resonances 

In this section, we investigate the behavior of the scattered field when q > qo, and the product 
of the effective frequency and the contrast Xu> £ is bounded. In such a case, a quasi-resonance 
phenomenon occurs: near the inclusion, the scattered field becomes extremely large, for some 
frequencies. We refer to such frequencies as quasi-resonant frequencies. They are defined in 
Definition 14.11 

Before we proceed, we remind the readers of usual notations and known properties of zeros of 
Bessel functions. 

When n > 0, the fc-th positive root of J n (x) = is written j n ,k- The first positive root of 
Y n (x) = is written y n .i- When n > 1, the fe-th positive solution of J' n (x) = is written 
3nk' When n = 0, we count non-negative solutions, that is, j^l = 0. The first positive root of 
Y r [ (x) = is noted y£\ It is known (TJl 15.3] that 



(4.1) 



The zeros of J n (•) and Y n (•) are interlacing [13, 10.21] and we have 

( 4 - 2 ) n < j$ < y n ,i < Vn\ < jn,i <■■■< ff k < j n ,k < ■■■ 

and the first inequality is strict when n > 0. Using the notations 

(4.3) M n (x) = yjj n (x) 2 + Y n (xf,9 n (x) = &rg{J n (x) + iY n (x)), 
we have [H 10.18] 

(4.4) lim 9 n {x) =~, ^-d n (x) > 0, 9 n (x) w x - 2 "" , + 1 7r for x large. 
x-yQ+ 2 ax 4 

This shows in particular that for n fixed, the size of the intervals jn,i) is strictly decreasing, 
and tends to 7r/2. 

Definition 4.1. For any n > 0, the triplet (n, x, A) is called quasi-resonant if 

< x < y n ,i, 

and if the reflection coefficient given by ( |1.8[ ) is of maximal amplitude, that is, 

R n (x,X) = -1. 



jn.l 


= nH 


- a n! in 1/3 , 


with a n> i 


> lim 




a 1.86, 




n— foe 






Jn,l 


= n - 




with 


> lim 


a (1) p 


a 0.81, 




n— >co 




Vn,l 


= n - 


h6„,i« 1/3 , 


with b n ,i 


> lim 




j 0.93, 




n— > oo 


JXi 

y n ,i 


= n - 




with 


> lim 




J 1.82, 




n— >oo 




jo,i 


«2.40, j$ = 


0, 2/o,i s 


s 0.894 


u w 

i/0,1 


=s 2.20 
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When (n, w e , A) is quasi-resonant, problem (1.2 I has the following particular solution 



(4.5) 



J„(Au 



J„ (Au> e ^) exp arctan f]fr)j when 



X \ < £ 



Y n exp (j,n arctan f 



kl 



when \x\ > e. 



Note that u e is not truly a resonance, since Y ra (•) does not satisfy the outgoing radiation condition. 
The solution u e contains an incident field given by 



Jn 



exp i n arctan 



The almost resonant behavior of this solution is apparent in the near field. The amplitude of 
the incident field at |x| = e is J n whereas the amplitude of the scattered field i s giv en by 



\Hn^ (u) s ) |. Suppose for example that lo £ 
shows, this is the generic case. Then at \x\ 
[H 10.19] 

lim |y„(w e )|» 



nK, with K > 1 fixed - as Proposition 



4.2 



below 



e the amplitude of u £ grows geometrically with n, 



(k + Vk 



1 



n— >oo 

whereas the amplitude of the incident field and its normal derivative at decays with the inverse 
rate, 



lim | J n (oj e ) | « = lim 



— J„ (u e )\« = — 
rwoo dx K 



1 



The size of the scattered field is therefore not controlled by the size of the incident field: this 
behavior can be compared to that of a resonant mode. Note that the amplitude of the scattered 
field is also large compared to the maximal amplitude of the incident field anywhere, as the 
uniform bound (1.171 indicates. The lower bound for the maximal value of the incident field is 
the motivation from the restriction u e < y n \ in the definition of quasi-resonances. Indeed, when 
w e > Vn,i, using the bound [T7] 13.74] 



< 



we obtain, for all n > 
(4.6) 



HW(w £ ) < 7 -sup\J n (x)\, 

o x >a 



therefore the scattered field, and in turn the full field, is comparable to the maximal amplitude of 
the incident field in this regime. 

The following variant of Dixon's Theorem on interlacing zeros |17l 15.23] proves the existence 
of quasi-resonances. 

Proposition 4.2. For any n > and A > j n .i/yn,i, in every interval 



U„ 



Jn,k Jn,k 



such that U n k C 



there exists a unique frequency U) n ,k such that the triplet (n,U) n ,k,X) is quasi-resonant. There are 
no quasi-resonances in the interval (0, j^\/X) when n > 1, or when A < j n .i/yn.i- 

The proof is given at the end of this section. To illustrate this result, we consider the case 
when A = 2 and n = 30. The quasi-resonances are to be found in the interval (j'30 i/2, 1/30 l) ~ 
(16.28, 32, 98). There are 8 such frequencies. The first one is W30.1 ~ 17.4211682, and the last one 
is W3o,8 ~ 31.4683226. Figure 4.1 shows two plots on a logarithmic scale. The red line shows the 
radial component of full field u E , corresponding to a relative index A = 2, an effective frequency 
L03Q^i. The blue line shows the radial component of the incident field u l , J30 (k/3o,r). Note that 
the blow-up region is concentrated around e. At |ac| = Ae = 2e, the full field and the incident field 
are of the same order of magnitude. This is the far field regime discussed in Section [5] 
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5.1 10 3 -, 
1.0 10 3 - 

1.0 10 2 - 

1.0 10 1 - 

0.010°- 

" 1 1 1 1 1 1 

0.0 e 2e 3e 

Figure 4.1. First quasi-resonant solution for A = 2 and n = 30. 

0.3 -i 

0.2 - 

0.1 - 

0.0 -■ 
-0.1 - 
-0.2 - 
-0.3 - 

0.0 2e 3e 

Figure 4.2. Last quasi-resonant solution for A = 2 and n — 30. 

Figure |4~2| shows a plot the radial component of full field u e in red, corresponding to a relative 
index A = 2, an effective frequency W3o,8i an d the radial component of the incident field u l , 
^30 (w30,8-)> in blue. 

This last quasi-resonance, situated close to the upper bound 2/30,1, does not show a blow-up 
around |x| = s. This vindicates the choice to limit the definition of quasi-resonances to the interval 
(0,y„,i)- 

Quasi-resonances provide lower-bounds for frequency independent scattering estimates, as the 
following Theorem shows. 

Theorem 4.3. Given A > 1, let n be the smallest integer such that 

Vn ,l 
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Then, for any p > n , 

(4.7) sup{\\u s £ (\x\=R)\\ H „,0<\oj e <j pA }> sup 
Furthermore, if A > exp(2), 



jn,l R 
A £ 



sup I \\u% (|x| = R)\\ H a ,0 < Aw £ < 



V2 

/Ea 



i 



2VlnA 



(4.8) 



(i) 



72 



Ax/lnA 



1 



2x/lnA 



i? 



Remark 4.4. Note that j n ,i/y n ,i = 1 + 0(n~ 2 / 3 ) so for any A > 1, no exists and is finite. Since 
jn.i/n = 1 + 0(n~ 2 / 3 ) < 4, the lower bound (4.7 1 also matches the end of the perturbative regime 
described in Theorem 3.1 which required co e < n/X. 

As we noted earlier, the lower bound blows-up geometrically with n. Thus, taking p — oo, if 
the coefficients a n decay only polynomially with n, then 

sup \\u s e (|x| = e)\\ H „ = oo 

LU>0 

for any s > — oo. This is the case for plane waves, for example, since 



exp(iujx ■ C) = ^2 MCIM) exp(m(arg ( — 



C 

Id 



,-))• 



Estimate (4.8 1 shows that even low frequencies are affected by quasi-resonances. However, the 
blow-up is milder. Indeed, Jq (x) tends to 1 close to the origin, whereas 



H, 



(i) 



V2 



AVhiA 



1 



1 



2 Vhi A 



ln(A). 



This quasi-resonance also occurs just after the perturbative regime, which applies when lo £ < m\. 
We may therefore argue that the estimates provided by Theorem |2.4| are optimal in terms of 
frequency range, up to a multiplicative factor of at most 4. 



Proof of Theorem \4-3\ Starting from formula (1.14 1, we have 

/27T \Rn (w e , A) a\ n \ | (1 + \n\Y 



sup \\u s s (|x| = R)\\ H v > sup sup 

r<Jp,iM u e <j p ,i/\no<n<p 



R 



> sup V27T 0|„| I (1 + \n\) c 

no<n<p 



#(1) 



R 



Where we used that \Rn(u> n ,i, A)| = 1. Since x — > Hn^ (x) 

w n,l 

of X 



is decreasing and from Proposition 



4.2 



u> n> i < jn.i/A, we obtain ( |4.7[ ). The second bound (4.8) is proved similarly, using the monotonicity 
ff« (x) 



and Lemma 



4.5 



below which shows that when A > exp(2), 



^0,1 < 



V2 



1 



1 



2VlnA 



□ 



Let us now turn to the proof of Proposition 4.2 From the definition of R n ( 1.8 ), it is clear that 
i?„(x, A) = — 1 if and only if 

3 (x) J n (Ax) - A J' n (Ax) (x)) = Y' n (x) J„ (Ax) - \J' n (Ax) Y n (x) = 



When < x < j/ n> i, inequalities ( |4.2| show that Y£ (x) < and (x) > 0. Dixon's Theorem [TTJ 
15.23] shows that J„ (x) and (x) have no common zeros. Thus quasi-resonances cannot occur 
at any j„,fc/A or i„]./A. Lastly, note that when n > 1, in the set (0, j„x/A), both J„ (Ax) and 
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2/30,1 



Figure 4.3. Quasi-resonant frequencies for A = 2 and n = 30. 
J' n (Ax) are positive, thus no quasi-resonance can occur. The quasi-resonances can only be in the 



sets 



(4.9) 



and are the solutions of 



A 



J' n {\x) = Y^(x)_ 
J n (Ax) Y n (x) ' 



Figure 4.3 shows a plot of x — > 2J 30 (2x) /J30 (2a;), in blue, and x — > Y r [ (x) /Y n (x), in red, in the 

interval C?3o\/2, J/30,1) ~ (16.28,32,98). The dashed lines represent the solutions of J30 (2x) = 
in this interval. The eight red dots on the horizontal axis mark the quasi-resonant frequencies 



corresponding to n — 30 and A = 2. To study the solutions of (4.9), we introduce, when n > 1 

- , xJ 'n( x ) 



(4.10) 
when n = 0, 
(4.11) 



fin 



so 0*0 



a; — > x 



n J n (x) 
J' {x) 



J (x) 



and kr, 



and ko(x) := x — > 



n F n (x) ' 

Yj(x) 
Y (x)- 



and we rewrite (4.9 1 as 
(4.12) 



g n (Xx) = -k n (x). 

Proof of Proposition \4-S\ From the recurrence relation satisfied by Bessel functions, we derive that 
for all 71 > 0, 



(4.13) 



z , . n x 

9n( x )= 



n+ 2 

V 5 " 



0*0, 



with the notation n + — max(n, 1). In particular, for x > n, g n is decreasing. Thus, on each 
interval f/ n ,fc, x —¥ g n (Xx) decreases from to —00. When n > 1, on \j^\/X, y n 1), k n is positive, 



thus there exists at least one solution to (4.121. When n = 0, since (kQ(x) + g (x))/x tends to 00 



as x tends to zero, therefore at least one solution exists in (O,jo,i/A). 
To show uniqueness, we compute that the derivative of g n (X-) + k n {-) is 

Xg' n (Xx) + k' n (x) = — (l - A 2 ) + — (kl (x) - gl(Xx)) 



so at any point where g n (Xx) — —k n (x), we have 

Xg' n {Xx) + k'Jx) = 



(1 - A 2 ) < 0. 



Thanks to the Intermediate Value Theorem, there can therefore only be one solution. Finally, note 
that when A < j„.i/yn,i, x~ 1 (k n (x) + g n (Xx)) tends to +00 both at x = and x = y n ,i, therefore 
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□ 



there cannot be a unique solution of k n (x)) + g n {Xx) = in this interval, and consequently there 
is none. 

We conclude this section by an upper and lower estimate of wo,i- 
Lemma 4.5. The quasi-resonant triplet (0,wo.i,A) satisfies 



(4.14) 



V2 



1 - 



1 



V2 

aVEa 



i 



i 



2VhiA 



1 



AVmA ^ 2 v / ffi(A) / 

for all A > exp(2). 

Proof. Introducing the functions /+ and /_ given by 

/±(A):=^Lfl± .. 

AVlnA y 2^/MX)J 

thanks to Proposition |4.2| it is sufficient to check that 

ffo(A/+(A)) + fc (/+(A)) < 0, and <?o(A/_(A)) + fe (/_(A)) > 0. 

The following bounds 

--x 2 - —x 4 < qJx) < --x 2 - —x 4 for all < x < 1, 
2 12 - y0V ' ~ 2 16 ~ ~ 



and 



1 



+ -x 2 < k {x) < 



1 9 1 

^ + x 2 for all < x < -. 

7 + ln(f) " "4 



7 + ln(f) 

can be derived using the asymptotic expansions of Bessel functions around x — given in |13| . 
The proof (4.14) becomes a study of a function of one variable, A. We omit this tedious but 
straightforward calculation. It is easy to visually confirm this result using a modern scientific 
computation software, using the built-in formulae of Jo (x), J\ (x), Yq (x) and Yi (x) to compute 
go and fc , and then verify for example that ±g (A.f±(A)) + ±/c (/±(A)) < 0, and that both 
expressions are of order (lnA)~ 3 / 2 for large A. The lower bound A > exp(2) is not optimal: it 
is convenient because of the form of the ansatz for fco given above. Numerically, it appears that 
(4.141 holds almost up threshold value jo, 1/2/0.1 ( U P to 1.003 times that value). □ 

5. Inclusions with relative index larger than one: far-field estimates 



As we could notice on Figure 



4.1 



the effect of quasi-resonances is localized close to |a;| = e. We 
now show that in the far field, that is, when Xe < \x\, estimates valid for all frequencies can be 
derived in the spirit of Theorem |2.4| 



Theorem 5.1. When 1 < A and eX < R there holds 



sup |K (|a;| 

CJ>0 



fi)l| H .<§lMj|K(M=e)L. 



(i + M) 



2 a 



($£) -» a 



(5.1) 

Furthermore, 
(5.2) 



+ V107T \U 1 



H, 



(1) 



mp\\u*(\x\=R)\\ H « >l\U^K 

iaj>0 * O V -K 



Remark 5.2. Just like in Theorem 2.4 the upper bound (5.1l can be replaced by the frequency 
independent bound 

R' 



(5.3) |K (M - R)\\ H , < + 1^(0)1 



Hq 1 ^ ( min 



1 
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We chose the form (5.1 1 to obtain an optimal decay rate in n for R 3> s. The dependence on the 
zero order term is sharp, as we have seen in Section [4] Note that the lower bound (5.2 1 and upper 
bound (5.1 ) have the same dependence on the contrast, and on e/R. 



Proof. Starting from the formula (1.141, using the monotonicity of x 



in the proof of Theorem |2.1| we obtain 

K(M = -R)||^ < 



for n > 1 as 



(^r£ K| 2 (1 + |n|) 2CT \R n (u e , A) \HW (X^j 



Rn(u e ,\)\Hjp [XiO, 



R 



27r^|a n | 2 (l + H) 2CT 
h 

+27r|ao| a 

where l\ is the set of indices n for which < |n| and Xlu £ < v and I2 is the set of indices n 
for which < \n\ and Xui £ > Thanks to Proposition 



3.2 



and when n € Ii, 



R (w e , A) < \/5 (y 0>1 



^( We! A)ffW( We ) < -|J„(w e )| 



Alternatively, as in Theorem |2.4[ when n <E I2 



R n (u £ ,X)H^ (w s ) 



< 



Therefore, altogether, we have obtained that for all w e > 0, 

2n £ K\ 2 (1 + M) 2CT ^ (w e ,A) \H<» (w e ) 



|n|#0 



< 



25 



27r^|a„| 2 (l + |n|) 2CT |J„( We )r 



2-r 



(ijlf) ~- 2 

which concludes our proof of the upper bound. Turning to the lower bound, we have 

R s 



\\u a e (\x\=R)\\ H „ > V2tt sup sup \R £ n a n \{l + \n\Y 

\n\>l " e >0 



Hi 1 



> v27r sup \a n \ (1 + |n|) 
H>i 



R 

Wn.l — 



where we used the first quasi-resonant frequency given by Proposition 4.2 Since \fx \H^(x)\ 
decreases to \/2/tt [17 , 13.74], 



<*>n ,1 " 



R 



> 



2s 



and, in turn, since from (1.16), 



j nA An (n + iy/z /6 
Un ' 1< — <T <4 A I 7 



2 / \ -2 

sup|J„ (x)\ 

x>0 
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we obtain 



as announced. 



M(\x\ = R)\\ H: >lJ>^K~H« i )> 



□ 



6. Broadband contrast and frequency independent estimates 

In the previous sections, we have seen that we cannot hope for contrast independent estimates 
for all fre que ncies, because of the appearance of quasi-resonances. Combining Theorem 2.4 and 
Theorem 5.1 we see that scattered field tends to zero at a rate e 1 ^ 6 , when observed at a fixed 
distance, say R = 1, provided the contrast A does not grow faster than e~ 5 with 5 < 1. On the 
other hand, when A is of size or larger, the lower bound provided by Theorem 5.1 shows that 
for some frequencies, the quasi-resonant frequencies, some components of the scattered field will 
be of size one or larger. 

The following proposition shows that if an interval around quasi-resonant frequencies is ex- 
cluded, the scattered field can be controlled by the incident field. It is proved in Section [8] 

Proposition 6.1. For any Q < r < \, we define 

(6.1) I n ,k( T ) '■= i x e u n,k such that \g n (Xx) + k n (x)\ < r |fc„(x)|} , 

If X > 7, n> 1 and u e £ (0,y n ,i) \ (Ufc/„,fc(r)), then, 

R n {uj e ,X)H^ (u £ 



have 



(0,y„,i) \ (UfcI»,fc(T)) = (0,y„,i) \ [J I n , fe (r) 

keK{\,n) 

where K{X,n) is the set of all positive k such that < nX. Furthermore, 



< 6r- 



i In A 



A 



U ^(r) 

keK(X,n) 

If X > 7, n = and lj £ £ (0, Co) \ (Ufcio,fc( T )); where Co ~ 0.3135 is defined Proposition A. 2 then 

R (W e , A) ( We ) < f Jo (« e ) < Jr~ • 

or or 

We have 

(0, Co) \ (U fc Jo,fc(T)) - (0, Co) \ |J Io,k(r) 

feGK(A,0) 

where K(X,0) is the set of all positive k such that < X( . Furthermore, 



U ^(r) 

keK(Xfi) 



< 7r 



ln(lnA) 
A ■ 



Proof. This is the result of Proposition 
sit ion 



(together with Lemma 7.1 for io e < j„\/X and Propo 



7.6 when n = 0), and Proposition 8.2 



□ 



This result allows us to prove the following. 
Lemma 6.2. Suppose A > 7. Let 7y max be the following decreasing function of the contrast 

(6.2) r) max 
Given a > 0, for any rj > such that 



3 In A 
2~A~' 



1 

V < -?7max 

a 
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there exists a set I\ defending on r), a, e and A such that 



Ui < 



and, for any R > e 



_ sup \\u E 

/go~we(0,oo) \ I x 



\x\ = R)\\ Hs <l&< 



max^y-o-+2+Q („,i 



R t\ol 



(»<) 



Let rjQ be given by 



71n(lnA) 



4 A 
for any rj > such that 

V < Vo 

there exists a set Iq C (0, Co) which depends on rj, e and A such that 



and, for any R > e 



sup 

/gowS(0,oo) \ To 



1 

2^ 



<(\x\ = R) 



<7* 


4 1} Kf) 


(m A ) 





Remark 6.3. Lemma 6.2 shows that by excluding some frequencies, around quasi-resonances, near- 
field estimates can be obtained, up to the boundary of the inclusion \x\ = e, at the cost of a little 
more than two powers of n when compared to the near field estimates given by Theorem |2.4| for 
A < 1. We showed in Theorem |4.3| that if the quasi-resonances are not excluded, the blow up is 
geometric in n. The most striking feature of this result is that since ?? max and rjo tend to zero as 
A tends to oo, the size of the set of frequencies to exclude shrinks as the contrast increases. 



Proof of Lemma \6.2\ Starting from the formula (1.14), using the monotonicity of x 
for n > 1 as in the proof of Theorem |2.1| we obtain 



K(\x\=R)f H; <1 



( 2ir Kl 2 4 (! + M) 2ff Rn (w e , A) |#« (Xu e ) * I , 
V |»|#o T ™ / 



for any sequence of positive parameters < r„ < | to be chosen later. Next we divide the non 
zero indices into three parts. The first set of indices is 

iVi := in 7^ such that Xui e < 1 or io e > n\ . 

In vVi, thanks to Proposition |3.2| and Proposition |7.3| we have that either 



Rn (u e , A) \HM (Aw £ ) < | J n (w e ) < \ sup | J n (x)\ 



or uj £ > y n i, and (4.6 1 shows that 



Rn (w e , A) (Aw B ) < - sup I J n 0)1 



z>0 



We define the sets 



A^ 2 :={n^0 such that \g\ n \(Xx) + k\ n \(x)\ < r„ |fc| n |(af)|} , 



and 



iV 3 := {n ^ 0, n Si and n ^ S 2 } . 
Proposition 6.1 shows that for all n £ N$ 



J?„(cj e ,A)ff« (w e ) 



9 1 9 1 

< 7,—Jn ( w e) < ^ SUp |J„ (a) 
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We have obtained that for all w such that N 2 = 0, we have 

(6.3) ||< (M - R)f H . < 2tt ( 9 -) 2 ~ £ Kl 4 (! + M) 2CT su P l J « ■ 

Thanks to Proposition 6.1 the forbidden values for lie in a collection of intervals O e 

e_1 U n fe In.k( T n) of total size of at most 

oo 6 In A °° 

|o E | < nr «^r = 47 T^ nr »- 

n— 1 71=1 

This leads us to choose 

rja 1 
Tn= (l + M)2+«477 max - 
Then, an upper estimate of the total size of the forbidden intervals is 

1 oo 
l^l<~£ 

and from (6.3 1 we obtain 



e*-' (1 + n) 

71 — 1 v y 



a < ?7 



K(M=i?)||^<l 8 J|-^A^+ 2 +« („') 
* \ R rja 

as announced. 

Let us now consider the other estimate. We have, from (1.5 1 

K(o)l 



~ J ul(\x\=R) 



Proposition |7.7| shows that when uj £ < m\, 

Ro(uj s ,X)H^ L e jj 
Proposition 7.6 shows that when ui £ > (q 



< 4 



Kf) 



(mx) 



1 

< - 

T 



^ Kf) 



(m A ) 



From Lemma | A. 3 [ we know that 



< 



H, 



(i) 



< J — 



2 3 /F 



Kf) 



therefore when w £ > Coi 

i?o (w s ,A)iT 
On the other hand, Proposition 



/ £ 
-VR' 



1? 



6.1 



Therefore, Lemma A. 3 shows that x 



Ro (oj s ,X)H^ 



Kf) 
<Va) 

shows that if uj £ € (mx, Co) \ UkeK(\,o) I 0,k( T ) we nave 
iio(w e ,A)F (1) (a; e ) < |-. 

O T 

is decreasing, 

< ] Kf) 







H) 









2#> (xf)/^ 1 ' (x) 

Ro (u e ,X)H^ (w e ) 

r 1 fl 



flf (w e ) 
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We have obtained, for all uj e £ (0, oo) \ {J keK (\ o) A),fc( r )j an d all r < |, 

(i) 



W) 


5 1 

< -- 


Kf) 






~ 3t 



The total size of the set of forbidden values for ^Jc[quj is bounded by 

lnln(A) t 



\0 E \ < 7- 



A 



thus choosing t — \ IL establishes our claim. 



□ 



As an application of Lemma 6.2 we provide a broadband estimate for the case A 



Corollary 6.4. Assume e < 1/7, and A = e . Then, for any a,/3>0, there exists a set 1\ 
defending on e, a and (3 and a set Iq depending on e and (3 which satisfies 

In llnel 



\h\<e^\lne\, \I \ < 



(|lne| + l 



.0' 



such that for all R > e, 



sup 

/gowG(0,oo) \ Ii 



10 / £-1-2,8 



R 



(u<) 



sup 

\/?o^6(0,oo) \ I 



2jt 



1 

27 



u s e (\x\=R) 



< 12 



(|lne| + l) 3/2 " 2/3 i? 



Proof. This is an application of Lemma 6.2 In this case 7] max = e |lne|, and r/o = eln |lne|. Choose 



1] = e^»7max- We have 
and 



\h\ <^|lne| 



sup 

/gowS(0,oo) \ Ji 



Ol / r l-2/9 

IK(N = ^ ? <-V^T- 



Choose ?7 = (|lne| + 1) ??o- Then, 



Uol < 



In | In er | 



Using the bound 



sup 

/qo^G(0,oo) \ To 



(m\) > i(l + |lne|), and the usual upper bound (7.13), 



1 

27 



<(|z|=i*) 



<14\/-(|lne| + l) 



0-1+ 



I 1 



i? 



< 12 



(|lne| + l) 3/2 " 2,3 i? 



□ 



Combining Lemma [6 ,2| with Theorem |2 ,4| and Theorem |5.1| we obtain the following broadband 
result, which provides a uniform estimate for all contrast, and almost all frequencies. 

Theorem 6.5. Suppose given A > and > e > 0. For any a > 0, there exists a open set 
Ii (a, A, e) C ffi satisfying 

\h(a,X,e)\ < e 1 / 8 |lne| 

and for any R > e 1 / 4 we have 

(6.4) _ sup ||< {\x\ = R)f HS <-J ^AT+ 2 +« (u^ 



a \ R 
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When A < e 3 / 4 , (6.4 1 holds with l\ = 0. There exists another open set I (e, A) C (0, Co) satisfying 

it r\ m ^ lnlne + 2 

IMA, £ )|< 1 ^ Tr 

and such that for any R such that (|lne| + l) 1 ^ 12 R < 1, we have 



(6.5) sup 

-^90^6(0,00) \ I 



2n 



1 

2n 



ul{\x\=R) 



< 21 max 



(|lne| + l) 



where m\ is defined in (3.1) and equals 



1/12 



R 



(to a) 



AVTnTTT 

When A" 1 > e(|lne| + 1) 7/12 , ([6^| holds with I Q = 0. 

Remark 6.6. Note that both I\ and Jo have zero measure when s tends to zero: in this limit, 
the estimate is true almost everywhere. This is not a far-field result in the sense of |5.1| as we 
do not require XR > e. Any fixed positive R is possible for e small enough. The decay of the 
size of Iq is logarithmically slow, even though the quasi-resonances of the zero order term are at 
most logarithmic in the contrast, see Theorem 4.3 Note that the upper bound in (6.51 is always 



smaller than the numerical constant 21. Naturally, many variants of Theorem |6.5| can be derived 
by other combinations of Lemma [672] Theorem |2 ,4| and |5 . 1 1 and more precise broadband estimates 
can be obtained if A is known to be in a particular range with respect to e. Corollary |6.4| gives an 
improved estimate in the case A = e . The dependence on n in (6.4 1 could probably be improved 
by a precise study of the distance between the roots of the Bessel Function J„ (x) for x € (n/e, n). 

Proof. When < A < 1, Theorem [2~4 



Theorem |5.1| implies (6.4 1, with I\ 
Lemma 16.21 with 



implies (6.4 1, with 1\ = 0. Similarly, when 1 < A < e 3 / 4 , 
0. . Let us therefore suppose A > e -3 / 4 > 7. We apply 



n 



-e 3/8 n 

» c '/max- 



Note that Since A — > X 1 In A is decreasing when A > 7, therefore 



< ?|hl£k 3 / 4 , 



and there exists a set 1\ such that 
for which 



Hi I < e l 



line] 



sup \\u s £ (\x\ =R)\\ H a 

/g^wS(0,oo) \ Ii 



< 



21 



.1/4 



R 



-N' 



a+2+a 



Let us now turn to the zero order ter m, a nd assume u l (0) — 1 by linearity. The cases A < 1 or 

with I = 0. When m\ < |, and 



m\ > 1 /2 are consequences of Theorem 



2.4 



A < An := 



and Theorem 
1 



5.1 



e(|lne|+l) 



7/12 • 



Theorem 5.1 shows that with Iq = 

2tt 



1 

27 



u*(\x\=R) 



< 



TOtt 



H, 



(i) 



R 



m x - 



Since Hq 1 ^ (•) is decreasing, an upper bound is found by choosing A 



e 1 m A = (lne + 1 



,7/12 



\AH An + 1 



> (|lne| + l 



An. Then, In An < |lne|, and 

1/12 
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which yields 

(6.6) 

When 

we have 



2n 



1 

2t7 



<{\x\=K) 



< VIOtt 



R 



< 5 



1 



i?(|lne| + l) 



1/12 



A < A < 



(|lne| + I) 1 /i2 



m\ > mi 



1 



2 + e- 2 (l + |ln e |) 7 / 12. 
We turn now to Lemma f6. 21 We have 

7 In In A . In In Aq 



4 A 



< 



Choose 



Then, 



A 
4 



<£ln(|lne|)(l + |lne|) 



7/12 



V 7 (1 + |lne|) 2 /3 770 ' 



141 < 



ln|lnf 



|lne| + l) 1 / 12 



and since x — > 



(6.7) 



is decreasing by Lemma 



A.3 



outside of Iq we have 



2tt 



1 

27 



ul(\x\=R) 



<7( i (l + |ln £ |) 2 / 3 



H W ( mi fi) 



H<p ( mi ) 



We have 



i/g (mi) > |(1 + |lner|), and therefore 

2tt 



1 

2t7 



<49 /2(2 + e - 2 ) /3 _ 1+7/14 1 <2Q 



i?(l + |lne|) 



1/12 



Let us now assume A > Oj££l±jj , j n that case, 

(In A) l: 

"A - ^6 ^(l + |l n£ j)Vi2- 



7 In (In A) < 11 ln|lne| 
4 



Choosing rj = yy?7o an d applying Lemma 



6.2 



we obtain 



(6- 



141 < 



ln|lne| 



(l + |lne| 



and 



sup 

v /gijo;e(0oo)\/o 



1 

2t7 



2jt 



<{\x\ = R) 



< 21 



^ (m A ) 



Combining (6.6 1, (6.7 1 and (6.8) we obtain the (6.5). 



7. Estimates relating the scattered field and the incident field outside 

quasi-resonances 



□ 



7. 1 . The n ^ case. The main result of this section, Lemma |7.1| proves Proposition |2.6| and 
Proposition |3.2| when n ^ 0. Note that, for a given n, these results are focused on the case when 
to e is bounded, namely uj e < y n .i- Since y n i < j n> \ for all n > 0, we are thus only considering the 
case when J n (w e ) > 0, and u £ < y n ,i- To compare the scattered field with the incident field, it is 
convenient to introduce a new quantity, namely 



(7.1) 



Jn (We) 
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A simple manipulation of the equation, together with the Wronskian identity satisfied by J n (x) 
and Y n (x) shows that S n has two equivalent formulations, namely 

(ffn(Ax) - g n (x)) (1 + ztanfln(x)) 

(g n (Xx) - g n {x)) + itan#„(x) (g n (Xx) + k n (x)) ' 

u n (x)H^ (x) 



(7.2) 



S n (x) = 



(7.3) 
(7.4) 



u n {x)H n 1] (x)+i±J n (Xx) 



where 0„ is given by Q 4 . .3 [ ) . <7„ and are defined by (4.10) and (4.11 1 and where u n is given by 

u n (x) := max(|n|, 1) J n (x) J n (Xx) (g n (x) - g n (Xx)) . 

Note that these formulae are not defined when Ax = j n i, that is, at the singular points of g n (Xx). 
However from Formula (7.3 1 we see that these singularity can be resolved, and we define S n as 
the continuous limit of S n towards these points (which is 1). 
The main result of this section is the following Lemma. 

Lemma 7.1. For all A e (0,oo), and all n > 1, for x g 0, min (j„\x~ 1 , y n ,ij 
following bound 

\Sn(x)\ < \ 

For x S [0, min (nA _1 , n)l , we also have 



we have the 



|5„(i)|<2|A-l|- i7 3 



and if X 2 < 1 - ) 2 , the 



\S n (n)\ > 



1 



To prove Lemma |7.1[ we shall use the following observation. 
Proposition 7.2. For all < x < n, and all n > 1, we have the following bounds 



l + Y 2 (x)/Jl{x) < 
^ l + KWf/IWf " 



We do not use the lower bound in this paper. We include it to document the fact that one 
cannot hope for an upper bound tending to zero for n large, for example. 

Proof. The proof is elementary from the inequalities (A.l) given in Appendix [Aj Since 



9n 



Y' J 
V Y 



< 



it suffices to observe that 



therefore, since | < 1 < |, 



l + Y 2 {x)/Jl{x) 



3' 

1 + tan 2 n 



l + |^(x)| 2 /|J4(x)| 2 l + « 2 „tan 2 0„ 
l + Y 2 {x)/Jl{x) 



< 



l + \Y^x)\ 2 /\J' n {x)\ 2 



< 



□ 



The final intermediate result we shall use is the following bound. 
Proposition 7.3. For all x 6 [n, y n ,i], we have 

\s n \ < Vs. 
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Proof. Using that \R n (uj e , A) | < 1, we have 

|S„| 2 < 1 + tan 2 9 n . 



Remember that from (4.4), as x varies between and y n ,i, 9 n (x) varies between — ? and 0. The 
map of n — > —9 n (n) is decreasing to 7r/3, and is always close to its limit, as 



9 



> tan (— 6 n (n)) > V3 for n > 1. 



see [T"7l 15.8]. Consequently, for all x G [n,y n .i], tan(— 9 n (x)) < tan(— 9 n {n)) < |, and 

\S n \ 2 < 1 + ttm(9 n (x)f < 5, 

as claimed. 

We can now conclude the proof of the estimate of this section. 



Proof of Lemma 7.1 Let us first consider the case when x £ 0, min ( n, 1 ,y n ,i 
x > n, the result follows from Proposition |7.3| 
We have 

\g n (Xx) - g n (x)\ 2 (l + tan 2 9 n ) 



□ 



When 



(7.5) |,S,(r)|- = 

From Proposition 



2 ' 



A.l 



g n (\x) - g n {x)\ + tan 2 9 n \g n {^x) + k n (x)\' 
for Ax < g n {^x) > 0, and k n (x) > 0. The study of the function 
(u- a) 2 (l +tan 2 9 n ) 

II — ^ 

( M -a) 2 +tan 2 9 n {u + b) 2 

for u > 0, a > and b > shows that it has a minimum for u = a, tends to 1 for u — > ±oo and 
decreases between and a. Therefore, 



\S„\ < max 1, 



1 .97) 



(1 + tan 2 9 n ) 



tan 2 9 n \k n Y 



Now compute that 



| g »(x)| 2 (l + tan 2 ^)^)) = 1 + Y n {xf / J n {xf 
\g n {x)\ 2 +t & n 2 9 n {x)\k n {x)\ 2 ~ 1 + |^ (x)\ 2 / \ J' n (x)f 



and thanks to the Proposition 7.2 this quotient is bounded by (|) 2 - We have obtained that 
I^Vil < 5/2. From (7.51, we derive that 



\S n (x)\ 2 < 



g n (Xx) - g n {x) 



k n (x) + g n {Xx) 



1 + tan 2 9 n (x) 
tan 2 9 n (x) 



A.l 



As we will see in Proposition 7.3 tan((9 rl ) 2 + 1 < | when x < n. Thanks to Proposition 
g n (Xx) + k n (x) > k n (x) > |n _1 ^ a , thus we have 

\S n (x)\ 2 < ^n 2 / 3 (A - l) 2 x 2 {g' n (n)f < 4(A - l) 2 ^, 

where we used the bounds on g' n given by Proposition A.l| 

L et us now turn to the lower bounds. When A < 1, Consider the case x = n. Then Proposi- 
shows that g n (Xn) > 



tion 



A.l 
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and Itan 2 9 n (n) I > 3, therefore 



, s ,,,2 = Iffn(An) - g n {n)\ 2 (l + tan 2 6 n {nj) 

\g n (Xn) - g n (n)\ 2 + tan 2 9 n (n) \g n (Xn) + k n (n)\ 2 



> 



4 (An) - g n {n)Y 



\g n (Xn) - g n (n)\ + 3 \g n (Xn) + 1 / 3 \ 



> 



1/3 



I y/T^X - n-V3 r + 3 I yi^A + In-V3 1 



> 



4' 



when ^/T^A 2 > 7/(3n 1 /3), or A < ^1- . 



□ 



7.2. The n — case. We summarize here properties of go and fco- They are derived using 
methods similar to the ones used for k n an g n for n ^ 0, and can be checked by inspection with 
the help of a modern mathematical software. We therefore will omit the proof. 

Proposition 7.4. The function g$ (resp. ko) is defined on (0, oo) except at jo^ (resp. yo,k), 
k = 1, . . ., and cancels at each j^j. (resp. y^fl). 

• Where it is defined, go is decreasing. On (0,jo,i) go * s concave. 

lim go(x) = — oo, lim ga(x) = +oo. 

*-*jo,k "Jo, it 

• Where it is defined, k Q is increasing, and 



lim kn(x) = +oo, lim kn(x) = — oo. 

*<yo,k x >»o,fc 



• For < x < 1, 



\a; 4 < ff (a;) < -\x 2 - -^x 4 , and \g' \ < \x. 



12 



16 



• For < x < \, 



, — r H — x < knix) < 
7 + ln(f) 2 " " V ; " 7 + In (|) 

Proposition 7.5. For a// A < 1, and all < x < yo.i, 

|S (x)|<^min(l,2-2A)x 2 |ln(|) 

For all X > 1 ararf all < x < min(^,m\), 

5 A - 1 



l<So(x)| < 7rmin I 1 



2 A 



A 



In 



(!) 



Proof of Proposition \7.5\ Let us first consider the case A < 1. Since go is decreasing, for all 
x < jo t i, we have 

go (x) - go (Ax) = (1 - A)xg (Co) < 0, 
Then, for all x < yo,i, we have < Jq(Ax) < 1 and < UqYq. Consequently, 



(7.6) 



u (x) (J (x) + iY (x)) + i- J (Ax) 

7T 



> -| Jo (Ax) | 

7T 



Thanks to Proposition 7.4 for all < x < yo,i, 

(7.7) \g (x) - so (Ax)| < min((l - X)x \g' (x)| , \g' (x)| < min - A), x 2 
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Note that for < x < 1. there holds 



(7.8) 



\J (x) + iY (x)\ < 



2y/2 



In 



(I) 



Together with (7.7 1, this shows that 



\u (x) (J (x) + iY (x)) | = | J (Aas)| \J (x)\ \J (x) + iY (x)\ \g (x) - g (\x)\ 



(7.9) 



< — min(l,2-2A)a; 2 
v2 



In 



I Jo (Ax) | 



Inserting the estimates (7.6 1 and (7.9 1 in formula ( |7.2[ ), we obtain 

' x 



| Sb | < -^min(l,2-2A)x 2 
2v 2 



In 



Let us now suppose 1 < A. For all x < using the bounds on go given by Proposition 
have 

\9o (x) - g (Ax) | < \g (Xx)\ < — ^ " 



7.4 



we 



1 



G 



2 „,2 



x^ < — A^x 
" 48 



Alternatively, note that for x < m\ and A < e 3 , that is, when 2 > yTn(A) + 1, we can also bound 

6 8A 2 , 
'A 2 1 \ :i 



1 0o (x) - go (Ax) | < 





A 2 x 2 




1 


< 










2 


A 2 




A 2 x 2 




1 


< 








2 


A 2 


< 


25 . 2 
48 A 


x 2 . 













6 8A 2 J A 2 (ln(A) + 1) 



Using that when x < |, 

|Jo(x)+ i r (^)|<^|ln(|) 

and arguing as above, we obtain 

(7.10) K(x) ( J (x) + iYo(x)) | < ?x 2 A 2 |ln (|) | \J (Ax)| . 

Alternatively, starting from the inequality 

\g (x)- 5o (Ax)| < (A-l)x| 5o (Ax)| < ^^^A 2 x 2 , 



3 A 



|«o(a:) (J (x) + iYo(x)) | < ^j^x 2 \ 2 



we obtain 
(7.11) 

Next, using the inverse triangular inequality, 
(7.12) u (x) ( J (x) + iY (x)) + i 2 J (Ax) 

7T 



ln(- 



> 


2 x 2 A 2 


In 


:d 


2 




5 






7T 



|Jo(Ax)|. 



|Jo(Ax)| > — ||J (Ax)|, 

07T 



provided XtJ |ln (§) | < \J Inserting the estimates ( |7.11[ ) and (7.12) in formula ( 7.2 1 , we obtain 

5A- r 



I So | ^ 7i"min 1, 



2 A 



\ 2 2 

Ax 



In 



Then remark that when x < m\, then xy |ln (§) | < y ^j, for all A > 1. 
Proposition 7.6. Let R > e. For any A > and any x > 0, 



a 
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If X < 1 then for all x > 



R e H 



(i) 



Furthermore, when x < j/o, 



R 



R 



< 



< 



4 1} [ vo,i 



R 



If 1 < A then for all x > 



(1 - A):c 2 



^min ^2> r " A 



(i) 



Furthermore, when x < min (i, m> 



2 ' 

(1) 



1? 



57T 2 A — 1 9,, 

< — x 2 X 2 



H, 



(i) 



R 

E 

R 

e 

R 



Proof. Note that x 
x > 0, this implies (17.13 1 



Hq^ (x) is an increasing function of x, with limit ~. Since |i2{j| < 1 for all 



Suppose now A < 1. Note that (•) is decreasing, therefore using the simple bound \R^\ < 1 
we have for all x > yo,i> 



R e H {1) 
n n 



R 

x — 

£ 



For < x < 1 it is easy to verify that, 



Y (x) 



J (x) 



< 



> 1 



1? 



In 



(!) 



Therefore we obtain 



(i) 
o 



e 



< 



l + ^|ln(f)| 



(i) 



R 



Thanks to Proposition 7.5 we have, for all < x < yo,i- 

min fl . 2 - 2A1 2 , 
R 



(7.14) 



(1) 




i? 



< — min(l,2-2A) — (1-A) 



X 3 


In 


(I) 


2 




-(!)f 



i? 



(i) 



R 



The function 



a; 3 In 



x -> 



i In i 



is increasing on (0, 1), and as we noted before, so is x H^p (x) 

in the right-han 

- 2 sfciWT) 



Therefore an upper bound is 



obtained by choosing x = t/o,i hi the right-hand-side of (7.141, which gives 



H H 



x- 



e 



1 



H, 



i? 



< 



I? 



Ro(tj e ,X)H^ [ X j 



R 



where we used (|7.13| in the second inequality. We have obtained that for all x > 0, 

Alternatively, note that the function (ln(x/2) 2 )/(l + ^-ln(a;/2) 2 ) is decreasing on (0,1), with a 
maximum of 7r 2 /4, therefore (7.141 and ( |7.13[ ) yield 



R H 



R 



2„4 



< — (1 — X) X 



H, 



(i) 



R 



for all < x < y 01 . 
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Let us now consider the case A > 1. We only consider the case when m\ > 2, the proof in the 
other case is similar. Arguing as before, we have for all x such that x > m\ 



H H Q 



R 



< 



I? 



Next, when a; < mx, we have 



< 



In 



. , 5 A — 1 

< mm 1, - 



x 4 A 4 lnfS' 



R 



2 A / l + ^|ln(f)| 

Arguing as in the case A < 1, an upper bound is obtained by replacing x by its maximal value, 
namely 



R e H 



(i) 



R 



(7.15) 



< 7T 



< 



(In (2A v / lnA + l)) 
(1 + ln(A)) 2 (l + 4, (In (2AVlnA + l)) 1 

2 



H, 



(i) 



1 i? 
AVlnA + 1 e 



l+(£lnA)' 
We have obtained that for all x > 0, 

(i) 



ff (1) ( "*A 



i? 



R 



< 5 



tfW ( m x 



i? 



Alternatively, we also have, when x < m\ 

2 



R 



e 



5A-1\ 2 x 4 A 4 |ln( f; 
2 A 



Ml 



< 



5tt 2 A - 1 

"4 T 



VA' 



HP I x 



□ 



We conclude this section by an estimate which will prove useful for broadband estimations. 
Proposition 7.7. Let R > e. For any A > 7 and any m\ > x > 0. 



(7.16) 



R 



< 4 



4 1] Kf) 



(m x ) 



Proof. Inequality (7.151 shows that for all < x < m\, we have 

R 



R Q H Q 



1) 



< 



R 



l + (£lnA)' 

We note (and can prove, it is a study of a function of one variable, In A) that 

H { 1} (mx) 



l+(£l*A)' 



is increasing for A > 7, and its value at A = 7 is greater than 3.2. This lower bound yields our 
estimate. □ 
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Bounds near quasi-resonances 



This section is devoted to the proof of Proposition |6.1 



We wish to bound the size of the "blow-up" regions, that is, the sets I n ,k{ T ) defined by (6.1 1, 
centered on quasi-resonances. From (4.2 1 we know that y£\ > y 7lt \ for all n > 0, thus k n > on 
( , y n , l ) ■ Introducing 

(8.1) <p n := (0,y n ,i)\U fc {j„, fc /A} -> R 

9n (Ax) 
k n (x) 

we have 

M 7 n,fe( r )) = [-l-r,-l+r]. 
We first verify that 4> n is one-to-one on I n .k(T~), for r small enough and A large enough. 



Lemma 8.1. Suppose r < \ and 7 < A. When n > 1 £/ie function (f> n given by (8.1l satisfies 

1-A 2 



< 



2n + /c„(x) 

where n+ = max(n, 1), /or a// a; <E In,k(T~) H (0, n) w/ien n > 1 and /or aZZ x £ Iq^t) H (0, Co) w/ien 
rt = 0. Furthermore, 



h,k{r) C (m A , y ,i) i for n > 1, I„. k (T) C 



/or aH fc. 

Proof. We compute, using (4.131 and ( |A.3 1, for n > 0, 

/o \ ii (\ x r-, \2\ i kn{%) + <?«(Ax) ^rt x 

(8 - 2) ^ ) = ^M( 1 - A ) + u*) 2 

Suppose first that n > 1. When x < n and —g n > k n . 



x n + 



-g n {Xx)k n {x) 



Ti X ft 

(k n (x) + g n (Xx))( g n {Xx)k n {x)) < 

x n x 



therefore 



4>' n {x) < 



1-A 2 <0. 



nk n (x) 

On the other hand, when g n (Xx) + k n (x) > and x € I n ,k{T), that is, when < g n (Xx) + k n (x) < 
rk n (x), we have 

k n (x) + g n (Xx) fn x n 

1 

.x n x' 



k n {x) 



-g„(Ax)fc„(x) ) < — (n 2 - x 2 + n 2 k 2 ) 
: J n x 



Using the upper bound on k n given by Proposition A.l 
2r 



we find that when ? < x < k„, we have 



I) x 



x z + n z ki) < 2t 



x X — 1 lx 

< 



(A 2 



1 



provided r < \. When 



n A 2 n 

93r iA 2 -l 1 x 



2t , , 9 ,,,, „ x n 2 + 7/6n 4 / 3 ./•>/ .< ,\ - ■ i. .< , ., 
-(n -x + n ib m ) < 2r- (n _ < ^ - — < - - (A - l) 

when t < I and 7 < A. We have obtained that when x € I n ,k(T), 

as announced. Finally, note that at x = J^i/A we have g n (Xx) = > (r — l)fc n (x), thus I n ,k( T ) 
is a proper subset of J7 n Let us now consider the case n = 0. We have 



(8.3) 



fe (x) 



1-A a 



fcp(x) + go (Ax) 
' fco(x) 2 



1 



g (Xx)k (x) 



2,x 
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When — rk (x) < go(Xx) + k (x) < rfc (x), thanks to Proposition A. 2 we have 

1 



1 



-r ffo (Aa:)Ao(a:)-l>(l-r) 



(0.36) 2 



1 > 0, 



when r < j. Turning back to (8.3|, this shows that when ko(x) + go(Xx) < 0, 



<t>'o( x ) < 



fc (x) 



(1 - A 



Let us now assume < k Q (x) + go(Xx) < rk (x). We claim that on (0, m\), — </> < 3/5. Therefore 
no Io,k{T) lies in the interval (0,m\), since r < 1/4. Using the bounds on go and ko given by 
Proposition |7.4| we find, when x < m\ and A > 7, maximizing in x first and then in A, 



-g (Xx) < X 2 x 2 



k (x) 



< 



< 



1 



2 In A + 2 



2 

xe~< 

In 



2A\/hi A + 1 



(1 



1 1 



5( 1 + ^)(( 1 + A(1^tW) 



12 (lnA + l) 2 
3 



< 



which is our claim. This is turn shows that when x £ io.fc( r ), an d x < £o, and 7 < A, 

/ \ 2 



(8.4) 



1 



1 



g (Xx)k (x) < —k (m\) < 



1 



iib \ \m\ (in (^r) - ln(mA)) 

We therefore have obtained that for all x e /o,fe( T ) H (0, Co), 



+ m A < 



A 2 



ln(A) 



M^) +ffo(Ax) 



■1 



1 



go(Xx)k (x)) < T -^-y(A 2 -l) 



which in turn shows that 



□ 



We are now ready to compute an upper bound on the sum of size of the intervals 7n,fc(r) for a 
given n. 

Proposition 8.2. Suppose A > 7 and ~ > r. For a// n > 1, 

n In A 



(8.5) 



U 7 ^( r ) 

keK(X,n) 



< 6r- 



A 



where K(X,n) is the set of all positive k such that < nX. We also have 

ln(lnA) 



(8.6) 



U 7 o, fc (r) 



< 7t- 



where K{X, 0) is the set of all positive k such that < £qA 



Proof. When n > 1. We know thanks to Lemma 8.1 that 0„ is a bijection on / ni fc(r). We write 
In,k{r) = [an,k, Pn,k], that is f3 n . k e J7„,fe is such that (j){f3 n ,k) = — 1 — t and a n)fe e is such 
that 4>(Pn,k) = — 1 + r. We have 



(8.7) 



2r = 4>(a n ,k) ~ 4>(Pn,k) 



—<p'(u)du > 



A 2 -l 



/9„,* 
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From Proposition A. 2 we know that, introducing \ n — n — A/5U 1 / 3 , u — ¥ u/k n (u) is increasing on 

-1/2 



(0, Xn), and satisfies 




-1/2 



when < x < Xm 
when Xn < x < n. 



Let fc* be the largest indice such that a n ^ < Xn- For all k < fc* we have 



At 



A 2 - 1 
and when a n>k > Xni 
At 



> 



-1/2 



dx > |/„, fe (r)| 



A 2 - 1 



> 



A.,* / n 2 



-1/2 



dx > |/ n ,fc(T)| 



l n,k 



Xn,k 



"1/2 



-1/2 



Observing that In,k(i~) C U n ,k, and therefore n > j n .k/X > a n.k > Jn\/^ > a nfi : = we have 
obtained that 



U ^Ar) 
fc=l 



< 



< 



< 



4r ^ 
2 _ i l^i 

k=l 



A 2 - 



ttn.fe 



- 1 



4r 



A 2 - 1 \k<k* V n 
4nr 



ttn.fc <*n,lfc-l 

n 



-1 fc. 



A 2 — 1 \k<k 

Arn\ In A 



min (a n ,k - a n ,k-i) 
1 



k=l 
1 /•! 



n 



- 1 



Oi n ,k _ Oi n ,k-\ 

n n 



1 dx. 



A 2 - f k<k* (\a n ,k - Aa„,fc-i) 



For k > 1, the distance Xa n .k+i — Xa n ^ is at least ! — jn.fc- We know from (4.4 1 that 
this distance decreases with k, and tends to 7r/2. On the other-hand, using the estimates (4.1|, 
Aa n ,i — Aa„.o > — n > g" 1 ^ 3 > §• Therefore, we have 



IJ I n 1 k{ 1 
fe=l 



< 



5™A In A 
A 2 -l ' 



Using again the fact that — j^X—x is at least tt, there can be at most (n — Xn)A/7r intervals 
fn.fc in (Xn>™)- Therefore 



U 7 «,fc( r ) 



< 



< 



4Ar 



^(A 2 - 1) V Xl 
AnXr 



1(" - Xn) 



7T(A 2 ^ 1)' 



Altogether, we have 



U j «^( t ) 

feeK'(A,n) 



< 



Tn A / A 



A \ A 2 - 1 



7r In A 



< 



6nr In A 



A 



which completes the proof of estimate (8.5 1. 

When n — 0. As above, with the same notations, we have 



(8.9) 



2t = (f>(a ,k) - <j>(Po,k) 



Pa.k 



-cf> (u)du > 



A 2 -l 



Po.k 



a , k k o(u) 



du. 
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Proposition A. 2 shows that x — > x/k (x) is increasing until £ , an d decreasing afterwards. Thus 

A 2 -l 



2r > 



|/o,fc(r)| 



«0,fc 



2 " k (a 0t k) 

As before, we know that for k > 1, ap.fc — Q!o,fe+i > A _1 (jo,fc — Jofc+i) > -^~ l7r /2- We have 



E 

fe>2 



fco(ao,fc) 



< max 



1 



E 



fe >! «o,fc - "o^fe+i t^ 2 ao.fe 



(ao,fc-i - «o,fe) 



< 



< 



2A 

7T 

2A 
n 



In 



Jo,i/A x 
Y (jo,i/A) 



^o (Co) 



< -A In (In A). 

7T 



Finally, using the bound (8.4 1 



and we have obtained that 

U T oAr) 
fceK(A,0) 

which concludes our proof. 



t*o,i 
fco(«oj 



< 



An A 



< 



4Ar 



An A 7T 



H — In (In A) I < r 



7 I n (In A) 

"A : 



□ 



Let us now check that away from we can produce a bound S n similar to that of the 

perturbative regime. 

Proposition 8.3. If n > 1 and x € ( A _1 i„i, J \ (UfcJ nj fc(r)), i/iere holds 



\S n \ < 



2t 



When n = 0, if x £ (m\,(o) \ {^kIo,k( T ))' we have 



\So\ < 



3r 



Proof. Case n 7^ 0. When .t e [n, y n ,i] Proposition 7.3 shows that \S n \ < V5, which establishes 
: is aloi 

S n (x) 



the bound. The proof is along the lines of that of Lemma [7. 1| Starting from the formula 

{g n {\x) - g n (x)) (1 + itan6>„) 



(g„(Ax) - g n {x)) +itan9 n (g n {Xx) + k n {x)) ' 
we write a = g n (x) and b = k n (x), and the study of the function 

(u - a) 2 (l + tan 2 6 n ) 

11 — y " " 

(u - a) 2 + tan 2 n (u + b) 2 

for a > and b > , with u € (—00, —(1 + r)b) U (—(1 — r)b, +00), shows that it has a minimum 
for u = a, tends to 1 for u — > ±00, increases until —(1 + r)b, decreases on (—(1 — r)b,d) and 
increases to 1 afterwards. Therefore, the maximum of S n is smaller than the maximum of the two 
values A and B given by 

(1 + tan 2 9 n ) ((1 + t) b + a) 2 1 + tan 2 9 n 



A = 



B = 



((1 + r) b + a) 2 + tan 2 8 n r 2 b 2 1 + r 2 tan 2 6 n ^ (l + (1 + r) f )~ 
(1 + tan 2 0„) ((1 - r)b + a) 2 



1 + tan 2 



((l-r)6 + a)^+tan 2 6 n r 2 b 2 



1 + T 2 tan 2 1 



1 + (1-t)- 
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It is clear that 



< r. ^ < 1 



l + (l + r)| l + (l-r)| 
therefore the maximum is A. Noticing that, for b > aa 

b. 



(XT 

> 



1 + (1 + t)| ' l + 2a 
we obtain 



Thanks to Proposition 



A.l 



, l + 2oA 2 l + tan 2 6<„ fl + 2a^ 2 
' 1 ^t~) ±±^+tan 2 0„ < 

2^6 



AT 



we know that £ < -. We can therefore conclude that 

5 a 



A < 



9 1 N 2 
2r 



which concludes the proof. 

Case n = 0. The proof is slightly different when n = 0, as /co/<?o is unbounded near x = 0. 
Note that when ie < |, (and £ < 1/3), 

3 1 4 1 9 fc (x)+.g (x) 

— — tan t/o (x) < -- — — — < — — — < 1. 

5 ko(x) 5 kq(x) 10 ko(x) 

Introducing u — go( - A ^^ o( - a: - ) , and v — (ko(x) + go(x))/ko(x) we have 

g 

u € (—00, — t) U (r, oo) and — < v < 1, 



l^o(x)| : 



< 



\g (\x) -g (x)\ 2 (l + tan 2 9 (x)) 
\g (Xx) - g (x)\ 2 + tan 2 9 (x) \g (Xx) + k n (x)\ 2 
\u-v\ 2 (l+k (x) 2 ) 
\u — v\ 2 ko(x) 2 + |u 2 
Relaxing u to an independent variable, we see that 

\u-v\ 2 (i+k ( X r) 

— - < maxM, B, 1) 

\u~v\ 2 k {xY + lu 2 ~ 

where 

A = \T-v\ 2 ((iy + k (x)i) md b = \r + v\ 2 ((l)i + k (x)*) 
\t - v\ 2 fco(s) 2 + (|) 2 r 2 m \t + v\ 2 k (x) 2 + (|) 2 r 2 

It is clear that A < B. Taking the maximum value for v and t, we find 

l + (lfk (x) 2 25 l + (ffc (m A )) 2 25 

JD \ -= : — — : „ - ~ — - <~ 



ffco(-) 2 + (|) 2 r 2 " 9 (2| fco(mA)) ^ + , 



-2 



□ 
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Appendix A. Miscellaenous Properties of Bessel Functions 

Proposition |A.1| details properties of quotients of Bessel functions. This result is therefore 
independent from the rest of the paper. Properties ii., v. and vi. could be new. Since many 
authors have worked on Bessel Functions, it is quite possible that similar results were proved 
before, but we are not aware of it. 

Proposition A.l. For all real n > 1, 

i. The function g n is strictly decreasing on [0,oo) \ Ukj n ,k, and cancels at each 

ii. On [0,j n i), g n is concave. 

iii. For < x < n, g n (x) satisfies 



\A-© 2 <9n{x)<s[l 
where c n :— n^^g^n), satisfies 



i 2 /3 



1 13 

T2 <Cn< Ii" 
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iv. For < x < n, < —g' n (x) < g^fn). On (0,y nt i), the function k n is positive. It decreases 



until K n G (n — In 1 / 3 ,?!), defined as the unique solution of 



1 

n 

v. For < x < n, k n satisfies, 



3 1 , . . L /x\ 2 7 1 

< k n \x) < max y 1 - 



5 n 1 / 3 IV VJi/ ' 6 n 1 / 3 / 

More precisely, for all x < K n , 



k + > 1.91, whereas for all n n < x < n, 

3 1 7 1 

5^173 ^ 6^73 

vi. Finally, 



(AJ) 5 < !tr < 3- 

"J yn[.x ) o 

Proof. Property (i) is well-known, see e.g. [161 15]. To obtain property (ii), notice that 

(J„ (x)) 2 - J„+i (x) J„_i (x) 



-ng'(x) - 

{Jn{x)f 



J„+i (x) x 2 



n + 1 n + 2 \ J„ (a;) 

+2n V f J "+p ( x ) V 1 1 

J n (x) J n+p-ln+p+1' 

p — ^ 

The second identity is proved in [131 US]- Since for x > 0, x — > J„+i (x) /J„ (x) is an increasing 
function as it can be readily observed from its continued fraction expansion, see [131 10.10], we 
deduce that g n is concave on (0, j n .i)- For property (iii), using the recurrence relations for Bessel 
functions, we notice that g n satisfies the differential equation (4.13). Since g n is decreasing, we 
deduce that 



x z 

9n(x)>\jl ^_ 



for x < n. We know [171 8.55] that n — > n 1 / 3 (7 n (?i) is an increasing function of n, therefore 

1 13 

^7= < 9iW <c n < hm c„ < — . 

y/2 Tl-HX 14 

Since g n is concave, we have for all x < n g' n (x) > g' n (n) — —g^(n), and inserting this inequality 
in ( 4.13| , we obtain 

2 

(A.2) 5 2 (o:)<l-^ + ^c 2 , 

as announced. This also proves the first part of property (iv). On (0, n), k n is strictly positive, 
as x — > Y n (x) is negative and increasing until y n ,i, since from ( |4.2[ ) > y n .i- The asymptotic 
development 

2 n(n — 1) 



shows that k n initially decreases. Note that k n satisfies 



(A.3) k' n {x) = ^[kl{x)-l + 



..2 



x \ ' n 2 
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Since k n (n) > 0, there exists n n < n such that k n (n n ) = y 1 — ^f, and k n increases on (n n , y n ,i)- 
The lower bound on n n will be proved later. We now address property (v). The Wronskian identity 
can be written 

9 

k n + Sn 



im(-J n (x)Y n (x)) 
It is shown in [3] that for all x < n, and n > 0, 

2tt (- J„ (a;) F„ (ar)) v^ 2 - a; 2 < 2.09. 

The lower bound on fc„, k n > k + \J \ — (^) 2 — 9n{x) follows immediately To derive an upper 
bound, we therefore need to estimate k n (n). Using the Wronskian identity we can write 

" ,/3l " ( " ) -"' /39 " ( " , + ^7^) I (-^) 

Note that n 1 ^ 3 f;„(n), n 1 ^ 3 J n (n) and — J„ (n) /Y n (n) are bounded increasing functions of n, see 
[T71 8.54,855] and 0. Therefore 

(A-4) -< lim f-V/3 g „ W+ 2 < n 1 /3 fc „ (n) , 



n— >-oo 



(A.5) - > - gi (l) + - lim 

We have obtained 

k n < max 



Y n (n) ) 



\A (n) ' 6 r»V3 ) ' 



as announced. We can verify by inspection that k\ > 3/5 on (0, 1). Let us compute a lower bound 
for n > 2. Note that we have obtained that k n {n) < 1. We compute 

f n f" n ( x 2 \ 

k n (n) - k n {n n ) = J k' n (x)dx = J - \k n {x) 2 - 1 + dx, 

- ^2 

< h n(kn(n) 2 — 1) m(x) 

2n 

= \ {k n (n n ) 2 + (1 - k n {nf) In (l - k n {n n ) 2 )) 
nk n (n) 2 2 

— 2 K n( K n) ■ 

This implies, using the bounds 7/6 > k n (n)n^ 3 > 4/5, 

min (fc„(a;)) = &„(«;„) > 1 (-1 + V 1 + 2 " fc n(")) 
o<x<i nk^(n) V / 

1 . /-l + v / l + 2a; 3 \ 

^ ~T7^ mm 9 

n 1 /' 3 4/5<a;<7/6 V 2T / 

3 

" 5nV3- 
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Let us show now that n n > n — In 1 / 3 , to conclude the proof of Property (iv). Differentiating the 
identity (A. 3 1 we obtain, when k' n > 0, 

k^\x) = -~k' n (x) + ~(2~ + 2k' n (x)k n (x)) 
{2nk n {x) - 1) 



x i \ r 

2 , K{x) 



n x 

> 



> 

n 



2 + KM (% n W _ i 
n x 

2 



(2) 

Therefore, we can write using the upper and lower bound on k n and the lower bound on k\ , 

(7 3\ 1 f n 2 f" 1 

- - - — m > k n (n) - k n {n n ) = / k' n (t)dt > (t - K n )dt = ~(n - n n ) 2 . 

V6 5/ n i ' i J K nJ Kn n 



Consequently, 



V 30 5 



which is the announced bound. 

Finally, let us address property (vi.). Note that for x > x\, k n /g n is increasing, as the quotient 
of an increasing function over a decreasing one, therefore the lower bound is in the interval [0, x\]. 
Thus, the maximum is either at x — Q or x — x\, and 

7 T \ 2 5 

max (k n /g n ) < max(l, k n {n)/g n {n)) < —— < -. 

0<X<X! 6 

Using the differential equations ( |A.3 ) and (4.131, we obtain 

' k ^)=^(l-%-k n g n ) (l + ^ 
g n ) xg n \ n 2 J \ 9n 

An expansion around zero shows that 

1 x 2 

n 2 """ n 2 — 1 n 2 

therefore k n /g n initially decreases. Since k n (n) / g n (n) > 0, it decreases until x 2 < x\ such that 
kn{x 2 )gn{x 2 ) = 1 — x\jn 2 , and increases afterwards. Using the upper bound on <?„, we obtain, 
that, at that point, 

k n {x 2 ) _l-x 2 /n 2 2 x / x 2 \ \ ( g 2 (n) \ 2 



1 2 - k n g n = 2 _ '~2 + 0(x 4 ), 



, > min 1 + gtin)- 1 - > 1 + , " v ' > r . 

9n{x 2 ) g n {x 2 ) ~0<x<xi^ ; A n 2 ) J ~\ k n (n n ) 2 ) "5' 

as claimed. □ 
Proposition A. 2. For any n 7^ 0, let Q n be the first positive solution of 

(in|r„|) (2) (C„) = o. 

On (0, Cn), x — > x/k n (x) is increasing, and is the maximum of x — > x/k n {x) on (0,n) (resp. 
on (0,yo,i)j w/ien n > 1 (resp. n = 0). 

When n > 1, we have £ n > k,,. Introducing \n '■— n — fi 1 ' 3 for n > 1, and xi = 1/2; we /lave 



(A.6) 

Mien n = 0, 



-1/2 

w/ien < a; < x„, 

-1/2 

10/ien ^„ < x < n. 



Co « 0.3135, and « 0.3524 

Ko(Co) 




30 



YVES CAPDEBOSCQ 



In terms of previously defined functions, it is the unique solution of 

1 1 

2 + 2 



fco(Co) = \ + \\Jl^Kl 



Proof. From (A. 3 1 we deduce that x — » x/k n (x) is a solution of the differential equation 



d 

dx V k. 



\x) 



nk n (x)(l — nk n (x)) + n 2 — x 2 
nkl(x) 

Clearly, while x < n ni that is, while k n is decreasing, x — > x/k n (x) is increasing. We note that 
nk n (x)(l — nk n (x)) + n 2 — x 2 only has one root greater than 1/n. From the lower bound on 
k n > 3/5n -1 / 3 given by Proposition A.f and by inspection for n = 1, 2, we verify that (x~ 1 k n (x))' 
cancels at most once on {n n ,n). We find 



dfx 
dx V 



(««) = 



> 0. 



Using the lower estimate on k n (n) given by (A.4| and by inspection for n = 1,2, we find 



d 

dx V k. 



1 - nfc»(n) 

(n) = ^>r <0 - 



Thus, there exists a unique maximum for x/k n (x) on (0, n). Noting that k n {x)/x = —(In |y n |)'(x), 
we conclude that this maximum is £„. For any x € [k„, n], we obtain that 



nk„(x) 



> min 



nkji(K n ) 7 



> 



V 

A n 



where we used the upper bound for x < K n given by Proposition | A . 1 1 



and where \n = n— fn- 1 ^ 3 is the lower bound k„ given by the same proposition. In the case n = 1, 
K\ rj 0.52 > i. Altogether, we have obtained 

-1/2 



n/c n (a:) 

For n = 0, we compute that 



> 



(s-0' 



-1/2 



when < x < Xn, 
when x„ < a; < n. 



d_ (1 
dx\x 



1 



k = 1 + ^fc (A; - 1) 



Therefore a; — > -ko(x) is decreasing until £ i given by &o(Co) — \ + — and increasing 
afterwards. □ 

We conclude this section by a property of x — > (x) | which is useful for broadband esti- 

mates. 

Lemma A. 3. For any x > 0, the function x — > Ixi\Hq (x) \ is convex. Furthermore, for any 
V > 1 

(xy) 



H { 1} (*) 



is decreasing on (0, oo), and 



1 > 



(x) 



> 
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